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We derive constraints on primordial power spectrum, for the first time, from galaxy UV luminosity
functions (LFs) at high redshifts. Since the galaxy LFs reflect an underlying halo mass function
which depends on primordial fluctuations, one can constrain primordial power spectrum, particularly
on small scales. We perform a Markov Chain Monte Carlo analysis by varying parameters for
primordial power spectrum as well as those describing astrophysics. We adopt the UV LFs derived
from Hubble Frontier Fields data at z = 6 − 10, which enable us to probe primordial fluctuations
on the scales of k ∼ 10− 103 Mpc−1. Our analysis also clarifies how the assumption on cosmology
such as primordial power spectrum affects the determination of astrophysical parameters.
I. INTRODUCTION
Probing primordial power spectrum is of prime impor-
tance in understanding the dynamics of the inflationary
Universe. While observations of cosmic microwave back-
ground (CMB) have measured primordial power spec-
trum precisely [1], only large scales are probed by such
observations, which gives us the information on the in-
flationary dynamics only within some limited period. To
elucidate the whole inflationary dynamics, we need to
probe primordial fluctuations over a much wider range
of scales, which motivates the study to investigate con-
straints on primordial power spectrum with probes other
than CMB, especially on small scales.
When one assumes a standard single-field inflation
model, the primordial power spectrum Pζ(k), with k be-
ing the wave number for the mode of fluctuations, can be
well described by the power-law form as
Pζ(k) = As(k∗)
(
k
k∗
)ns−1
, (1)
where As(k∗) is the amplitude at the reference scale k∗
and ns is the spectral index. However, even for a stan-
dard single-field model, ns is not precisely constant, and
also in some models, ns is predicted to be scale depen-
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dent, which motivates the following description for Pζ :
Pζ(k) = As(k∗)
(
k
k∗
)ns−1+ 12!αs ln( kk∗ )+ 13!βs ln( kk∗ )2
, (2)
where αs and βs are the so-called running and the run-
ning of the running parameters, respectively. When pri-
mordial power spectrum is probed over a wide range of
scales, the running parameters can be well constrained
due to the lever-arm effect. Furthermore, the primordial
power spectrum may not be well described by a simple
form such as Eq. (1) or Eq. (2) given that a wide vari-
ety of inflationary models have been proposed, some of
which do not allow those kind of smooth functional forms
to describe Pζ(k). Therefore it would be of great impor-
tance to investigate Pζ(k) for a broad range of scales.
These considerations motivate us to look into yet other
probes of primordial fluctuations, particularly on small
scales. Examples of such work include primordial black
holes [2–4], ultracompact minihalos [5, 6], neutral hydro-
gen 21cm fluctuations [7–9], 21cm global signal [10, 11],
CMB spectral distortion [12], for which constraints on
the small-scale amplitude of primordial power spectrum
or the so-called the running and the running of the run-
ning parameters are investigated.
In this paper, we derive constraints on primordial
power spectrum using galaxy UV luminosity functions
(LFs) at high redshifts for the first time. Since the galaxy
LF reflects an underlying halo mass function which de-
pends on primordial fluctuations, one can probe primor-
dial power spectrum by using observations of UV LFs.
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2We adopt the LFs at high redshifts of z = 6 − 10 deter-
mined from Hubble Frontier Fields data [13–15], which
enable us to probe primordial power spectrum on scales
much smaller than CMB, around k ∼ 10 − 103 Mpc−1.
With such small scale information, one can directly con-
strain its amplitude on small scales and also the so-called
running and running of the running parameters αs and
βs.
It should be noted that the LF also depends on the
assumption for astrophysics such as the fraction of galac-
tic gas converted into stars, star formation rate and so
on. To take account of such uncertainties, we perform
a Markov Chain Monte Carlo (MCMC) analysis to ob-
tain constraints on primordial power spectrum by varying
both the astrophysical parameters and the ones describ-
ing primordial power spectrum.
We also emphasize that, although our primary purpose
is to derive constraints on primordial power spectrum,
our analysis also clarifies to what extent the determi-
nation of astrophysical parameters are affected by the
assumption on primordial fluctuations. When one tries
to investigate astrophysics or constrain astrophysical pa-
rameters, the standard Λ-dominated Cold Dark Matter
(ΛCDM) model with power-law primordial power spec-
trum is usually assumed. Although almost all cosmologi-
cal observations are consistent with the standard ΛCDM
model, some deviations from this standard paradigm are
still possible, particularly on small scales, since obser-
vations such as CMB and galaxy clustering only probe
large scales. In the following analysis, we model Pζ(k) to
capture its small scale feature keeping large scale power
spectrum consistent with current observations including
CMB. This modeling enable us to investigate how the as-
sumption on cosmology, especially on small scales, affects
the study of astrophysics.
The structure of this paper is as follows. In Sec-
tion II, we give our formalism to investigate constraints
on primordial power spectrum. First we provide how we
model primordial power spectrum and what parameters
to be constrained. Then we address the formalism to
derive constraints on primordial power spectrum using
the galaxy luminosity function. In Section III, we show
constraints on Pζ(k) for several models from UV LFs at
high redshifts. We also discuss how the uncertainties of
primordial power spectrum affects the measurements of
astrophysical parameters in Section IV. Finally we con-
clude in Section V.
II. ANALYSIS METHOD
In this section, we summarize the analysis method
adopted in this paper. First we present our modeling
of primordial power spectrum (PPS) Pζ . We then give
the formalism to calculate the galaxy UV LFs. The ma-
chineries to derive constraints on PPS are also presented,
such as the construction of the likelihood function and a
Markov Chain Monte Carlo (MCMC) analysis adopted
in this paper.
A. Modeling of Primordial Power Spectrum
We consider several types of modeling for PPS. The
first one is a power-law form which accommodates the
scale dependence of the power-law index by using the
so-called running parameters:
Pζ(k) = As(k∗)
(
k
k∗
)ns−1+ 12αs ln( kk∗ )+ 16βs(ln( kk∗ ))2
,
[Parametrization I] (3)
where ns is the spectral index, αs is the running param-
eter, and βs is the running of running parameter. We
adopt the reference scale of k∗ = 0.05Mpc−1. As(k∗) is
the amplitude at the reference scale k∗. In our analysis,
we fix the amplitude at the reference scale as As(k∗) =
2.105 × 10−9 so as to be consistent with CMB observa-
tions [1]. We call this modeling as “Parametrization I”.
Other types of modeling are based on the following
form:
Pζ(k) = As(k∗)
(
k
k∗
)ns−1
p(k), (4)
where p(k) describes a deviation from the standard
power-law form of Pζ and parametrizes the relative am-
plitude of PPS on small scales. In the following, we con-
sider 3 types of functional forms for p(k).
The first one represents a step function-like form,
which we denote as “Parametrization II”, and is given
by
p(k) =
{
p1 (10 Mpc
−1 < k)
1 (else),
[Parametrization II] (5)
where p1 describes the relative amplitude at the scales
of k > 10 Mpc−1. In this modeling, the PPS is same as
the standard power-law form down to the scale of k =
10 Mpc−1. We choose the transition scale to be k =
10 Mpc−1 because the galaxy UV LFs are sensitive to
PPS around this scale.
Another modeling is aimed at constraining the am-
plitude around the scale 10 Mpc−1 < k < 103 Mpc−1
in more detail by separating p(k) into 4 bins and
parametrizing it as
p(k) =

q1 (10 < k < 100 Mpc
−1)
q2 (100 < k < 10
3 Mpc−1)
q3 (10
3 < k Mpc−1)
1 (else) .
[Parametrization III] (6)
Here q1, q2, and q3 correspond to relative amplitudes on
the scales denoted above. We take the scale smaller than
3k = 103 Mpc−1 as one bin because, as will be shown in
the next section, our current analysis of the UV LFs is
not so sensitive to scales smaller than k = 103 Mpc−1,
and hence this bin is not well constrained after all. We
refer to this modeling as “Parametrization III”.
In addition, we consider yet another modeling of p(k)
which is a step function-like one similar to Parametriza-
tion II but leaves the transition scale as a parameter:
p(k) =
{
r1 (k1 < k Mpc
−1)
1 (else) ,
[Parametrization IV]
(7)
where r1 is the relative amplitude at the scale of k > k1.
We refer to this modeling as “parametriztion IV”. This
parametrization enables us to probe the transition scale
at which the amplitude changes.
Finally, we also analyze the case with the standard
power-law form without running parameters. We con-
sider this modeling to compare constraints on astrophys-
ical parameters with those in other parametrizations,
which allows us to investigate how the assumption on
PPS affects the study of astrophysics from UV LFs.
Pζ(k) = As(k∗)
(
k
k∗
)ns−1
, [Parametrization V] (8)
We call this model as “parametriztion V”.
B. Halo Mass Function
Here we describe how we calculate a halo mass function
(HMF) which is used to evaluate the galaxy luminosity
function. We basically follow the formalism described in
Ref. [16].
The halo mass function is given as
dn
d lnM
=
ρ0
M
f(σ)
∣∣∣∣ d lnσd lnM
∣∣∣∣ , (9)
where ρ0 is the mean matter density and M is the mass
scale corresponding to the filtering radius R (see below).
The mass variance at present time is given by
σ20(R) =
1
2pi2
∫ ∞
0
k2P (k)W 2(kR)dk, (10)
where P (k) is the linear matter power spectrum at
present time and W (kR) is the window function which
we describe below. The σ at redshift z is given by apply-
ing a linear growth rate as σ(M, z) = σ0(M, z = 0)d(z),
where the growth rate is
d(z) =
D+(z)
D+(z = 0)
, (11)
with
D+(z) =
5Ωm
2
H(z)
H0
∫ ∞
z
(1 + z′)dz′
[H(z′)/H0]3
, (12)
and H(z) is given by
H(z) = H0
√
Ωm(1 + z)3 + ΩΛ, (13)
where Ωi is the density parameter for a component i and
H0 is the Hubble constant. From Eq. (10), d lnσ/d lnM
in the right hand side of Eq. (9) is calculated as
d lnσ
d lnM
=
M
2σ2
dσ2
dM
=
M
4pi2σ20
∫ ∞
0
k2P (k)
dW 2(kR)
dM
dk
=
M
2pi2σ20
∫ ∞
0
k2P (k)W (kR)
dW (kR)
dR
dR
dM
dk.
(14)
The function f(σ) = f(σ(M, z)) is usually evaluated
by adopting a fitting function that is calibrated against
N -body simulations. In what follows we adopt the for-
mula of Sheth et al. [17]
f(σ) = A
√
2a
pi
[
1 +
(
σ2
aδ2c
)p]
δc
σ
exp
[
− aδ
2
c
2σ2
]
, (15)
where A = 0.3222, a = 0.707, p = 0.3, and δc is critical
density fluctuation.
The linear matter power spectrum at present time is
related with primordial power spectrum Pζ(k) as
P (k) ∝ Pζ(k)T (k)2, (16)
where T (k) is the transfer function which can be derived
by linear Boltzmann solvers such as CAMB [18] or by
appropriate fitting functions (e.g., [19]). Here we use
python CAMB [20] to calculate the transfer function for
a given cosmological model. Since we are interested only
in cosmological models that are compatible with CMB
observations, the amplitude of PPS at the reference scale
As(k∗ = 0.05) = 2.105×10−9 is fixed in this work. In the
following analysis, other cosmological parameters that
are tightly constrained by CMB observations are also
fixed as Ωmh
2 = 0.142, Ωbh
2 = 0.0224, ΩΛ = 1 − Ωm,
and H0 = 67.7 km/s/Mpc, where h is the normalized
Hubble constant in units of 100km/s/Mpc. This setup,
especially fixing of the amplitude of PPS at the reference
scale, keeps the fit to CMB data almost unchanged for
our models of PPS.
Regarding the window function, we consider the fol-
lowing three filters: (i) top-hat filter, (ii) Gaussian filter,
and (iii) smooth-k filter. The top-hat window function is
given by
W (kR) =
3[sin(kR)− kR cos(kR)]
(kR)3
. (17)
The mass M is expressed as
M =
4piρ0
3
R3, (18)
4where R is radius corresponding to the mass scale. The
derivatives of W (kR) and M with respect to R are given
by
dW (kR)
dR
=
3
kR2
[
sin(kR)
(
1− 3 1
k2R2
)
+ 3
cos(kR)
kR
]
,
(19)
dM
dR
= 4piρ0R
2. (20)
For the Gaussian filter, we adopt the following forms
for the window function and the mass
W (kR) = exp
(
−k
2R2
2
)
, (21)
M(R) = (2pi)1.5ρ0R
3. (22)
The derivatives are given by
dW (kR)
dR
= −k2R exp
(
−k
2R2
2
)
, (23)
dM
dR
= 3(2pi)1.5ρ0R
2. (24)
Although the top-hat and the Gaussian filters are com-
monly used in the literature, we also consider the so-
called smooth-k filter [21] which has the following form
W (kR) =
1
1 + (kR)β
, (25)
dW (kR)
dR
= − βk(kR
β−1)
(1 + (kR)β)2
. (26)
The mass is given by
M(R) =
4piρ0
3
(cR)3, (27)
where β and c are free parameters in this filter. Below we
fix these parameters as β = 2.0 and c = 3.15 so that the
mass function becomes the same as that for the top-hat
filter with the reference model at z = 0 where the stan-
dard power-law form is assumed for PPS (Parametriz-
tion V) and cosmological parameters given above with
ns = 0.968 are adopted. We consider this filter func-
tion because it gives a good fit to N -body simulations
for models with suppressed matter power spectrum such
as the warm dark matter case [21], which resembles of
our analysis of PPS with enhancements or suppressions
on small scales. We consider these three filters to take
account of the uncertainty associated with the choice of
the filter. Ultimately such choice should be checked and
validated with N -body simulations with features of PPS
as considered in this paper, which is beyond the scope of
this paper.
In Fig. 1, we show the window functions of top-hat,
Gaussian, and smooth-k filter with (β, c) = (2.0, 3.15).
The top-hat filter has oscillating feature around the tail,
and the oscillation can make artificial shape in HMF for
enhanced PPS models, as has been found in [11]. The
smooth-k filter, on the other hand, has smooth response
FIG. 1. Comparison of window functions W 2 for the mass
scale M = 1010M. The solid line is the top-hat filter, the
dot-dashed line is the Gaussian filter, and the dashed line is
the smooth-k filter with (β, c) = (2.0, 3.15).
to the enhancement of PPS at small scales. The Gaussian
filter erases the contribution from PPS at small scales,
leading to the LFs at z = 6 roughly 1.3 times smaller
than that with the top-hat filter.
C. Luminosity Function
Once the halo mass function is calculated, we can eval-
uate the UV luminosity function as follows [22]. We refer
the readers to [22] and references therein for the details
of the analysis.
First, the stellar mass of a galaxy is converted from
halo mass Mh = M as
M∗(Mh) = fstar
(
Ωb
Ωm
)
Mh, (28)
where fstar ≤ 1 is the fraction of galactic gas in stars.
This fraction is modeled as
fstar(Mh) = f∗,10
(
Mh
1010M
)αstar
, (29)
where f∗,10 is fraction of galactic gas in stars for Mh =
1010M and the power law from is assumed with αstar
being a power-law index.
Next, the star formation rate (SFR) is assumed as
M˙∗(Mh, z) =
M∗(Mh)
tstarH−1(z)
, (30)
where tstar controls the star formation rate in unit of
Hubble time. The range is restricted to 0 < tstar < 1.
The SFR is related to the rest-frame UV luminosity,
which is written as
M˙∗(Mh, z) = KUV × LUV, (31)
5where KUV = 1.15 × 10−28Myr−1/ergs s−1 Hz−1 [23].
The UV luminosity is converted to UV magnitude using
the AB magnitude relation [24],
log10
(
LUV
ergs−1Hz−1
)
= 0.4× (51.63−MUV). (32)
The SFR in a small mass halo might be suppressed by
feedback, which is modeled as
fduty(Mh) = exp
(
−Mturn
Mh
)
, (33)
where Mturn is the mass threshold defined such that a
halo with the mass below Mturn cannot form stars effi-
ciently.
Combining these models, the UV luminosity function
is given by
φ(MUV) = fduty
dn
dMh
∣∣∣∣ dMhdMUV
∣∣∣∣ , (34)
where MUV is the UV magnitude which is related to the
UV luminosity as given by Eq. (32).
In addition to the UV LFs, we can also utilize the stel-
lar to halo mass ratio (SHMR) at high redshifts, which
has been reported in [25]. We also include this observa-
tion to constrain the astrophysical parameters.
D. MCMC analysis and Likelihood
Although our primary purpose is to derive constraints
on PPS, we also need to take account of astrophysical
parameters since they also affect the UV LFs. We thus
perform a Markov Chain Monte Carlo (MCMC) analy-
sis to explore the likelihood as a function of many model
parameters. Parameters varied in our analysis and their
ranges are summarized in Table I. Since astrophysical pa-
rameters such as f∗,10, αstar, Mturn, and tstar can evolve
in time, to be conservative, we treat these astrophysical
parameters independently for 5 different redshift bins.
Hence we vary 20 parameters in total for astrophysical
ones. Besides these parameters, there are also several
PPS parameters, where the total number of the model
parameters depends on the parametrization. The MCMC
analysis is performed using the public code emcee [26].
Our criterion for the convergence of the chain is based
on the integrated auto-correlation time τ [27]. We ac-
cept chain longer than 50τ and check the convergence
such that the value of τ is almost unchanged even if we
increase the number of samples as suggested in [26].
In our MCMC analysis, the likilihood of each model is
evaluated by comparing the model predcited UV LFs at
high redshifts z = 6−10 with those derived from Hubble
Frontier Fields data, which is depicted in Fig. 2. More
specifically, we assume the following log likelihood for the
LFs
lnLLF1 = −1
2
∑
i
(yi −mi)2
σ2i
, (35)
TABLE I. Parameters and their prior ranges in our MCMC
analyais. We assume a flat prior within the range for all
parameters.
param min max Prior
f∗,10 (z = 6, 7, 8, 9, 10) 0.001 1.0 log
αstar (z = 6, 7, 8, 9, 10) -0.5 1.0 linear
Mturn (z = 6, 7, 8, 9, 10) 10
7M 1010M log
tstar (z = 6, 7, 8, 9, 10) 0.0 1.0 linear
ns 0.0 2.0 linear
αs -1 1 linear
βs -1 1 linear
p1 10
−5 108 log
q1 10
−5 108 log
q2 10
−5 108 log
q3 10
−5 108 log
r1 10
−5 108 log
k1 10.0 10
4 log
where yi is the observed UV LF, mi is the LF calculated
based the formalism given in the previous section for a
given PPS Parametrization and model parameters, and
σi is the error of the observation. The label i refers to
each data depicted in Fig. 2. For simplicity, if the asym-
metric error is given, we use its averaged value.
When only an upper limit is given in the observed LFs
data, the log likelihood is calculated by assuming a Pois-
son distribution with sample 0 as
lnLLF2 = −
∑
i
mi
(yi/1.15)
, (36)
where 1.15 indicates the expected number of galaxies in
the bin corresponding to 1σ upper limit assuming the
Poisson statistics.
The parameters can be constrained using the LFs for
each redshift and combining all redshift data. We give
our main results from the combination of all redshift data
in the next section. Note that the LF of bright galaxies
can be suppressed by AGN feedback which is not consid-
ered in this model, and therefore we use the LF only at
MUV > −20, which is the same treatment as in [22].
Based on [25], we can also utilize the observed stellar
to halo mass ratio (SHMR) to improve constraints. The
SHMR is derived from clustering analysis using Hubble
deep image and Subaru Hyper Suprime-Cam data. Its
likelihood is calculated as
lnLSHMR = −1
2
∑
i
(Mhalo,i(MUV)−Mhalo,i,obs(MUV))2
σ2SHMR,i
,
(37)
where Mhalo,obs is the observed halo mass for a given
MUV and σSHMR is its error. By adding the data from
SHMR, the constraints on the astrophysical parameters
are expected to improve. Since the data is provided in
the redshift range of z = 4− 7, we use those for z = 6 in
our MCMC analysis. The inclusion of this SHMR data
will be discussed in Section IV B.
6FIG. 2. LFs adopted in our analysis. We use those at z = 6 [13], z = 7 [13, 15], z = 8 [15], z = 9 [15] and z = 10 [14, 15].
Solid, dashed and dot-dashed lines are the LFs for Parametrization III with log qi = 0, log qi = −5, and qi values of 95% upper
limit for all i. For astrophysical parameters, we use the best-fit parameters obtained in the MCMC for Parametrization III.
Since the form of PPS on large scales has been well con-
strained by CMB data, in addition to the data from UV
LFs and SHMR, we add the likelihood function which
describes the constraint on the spectral index ns from
Planck, which effectively combine our analysis with large
scale observations of CMB, considering the fact that cos-
mological parameter sets that are tightly constrained by
CMB observations are fixed in our analysis. This can be
done by adding the likelihood function for ns
lnLPlanck = −1
2
(ns − ns(planck))2
σ2ns
, (38)
where we take ns(Planck) = 0.9665 and σns = 0.0038 [1].
The total likelihood function is given by the sum of
lnL discussed above as
lnLtotal = lnLLF1 + lnLLF2 + lnLSHMR + lnLPlanck,
(39)
with which we investigate constraints on the PPS param-
eters as well as the astrophysical ones for each redshift.
III. RESULTS
Now we present our constraints on the PPS for each
Parametrization. We here focus only on key results. The
full MCMC corner plots are shown in Appendix B. We
also discuss the effect of the stellar to halo mass ratio on
the constraints. Although the main purpose of this paper
is to derive constraints on the PPS, we also investigate
how the cosmological assumption such as the form of PPS
affects constraints on astrophysical parameters.
A. Constraints on PPS: Parametrization I
(runnings)
First we present our results for the case of Parametriza-
tion I where the PPS is characterized by the spectral in-
dex ns, the running αs, and the running of the running
βs.
Constraints obtained from the UV LFs and assuming
7the top-hat filter are
ns = 0.967
+0.003
−0.004,
αs = 0.050
+0.070
−0.090,
βs = −0.063+0.061−0.046. (40)
The corner plot is shown in Fig. 3. When we adopt the
smooth-k filter, constraints on these parameters are given
as
ns = 0.967
+0.003
−0.004,
αs = 0.046
+0.077
−0.099,
βs = −0.057+0.062−0.049. (41)
The constraints above can be compared with the ones
from Planck 2018 (Eqs. (16)-(18) in [1]):
ns = 0.9625± 0.0048,
αs = 0.002± 0.010,
βs = 0.010± 0.013. (42)
Our constraints from the UV LFs are consistent with
those from Planck. The LF at z = 6 assuming the
mean values given in Eq. (40) are shown in Fig. 4.
For reference, we also plot the cases with (ns, αs, βs) =
(0.97, 0.2, 0.0), and (ns, αs, βs) = (0.97, 0.0,−0.1). From
Fig. 4, one can see that these two cases are completely
deviated from the data. Indeed these two models are
excluded at 95 % CL as shown in Fig. 3.
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FIG. 3. Constraints on ns, αs, and βs for Parametrization I.
68 % and 95% allowed regions are depicted as dark and light
blue, respectively. Astrophysical parameters are marginal-
ized. Here the top-hat filter is assumed.
FIG. 4. Comparison of the observed and model predicted
LFs at z = 6 for Parametrization I. Solid and dashed lines
are the LFs with best-fit running parameters from Planck
and the best fit value of our results with the top-hat filter
(Eq. (40)), respectively. For reference, two extreme models
are shown as dot-dashed line (ns = 0.97, αs = 0.2, and βs =
0.0) and dotted line (ns = 0.97, αs = 0.0, and βs = −0.1).
Astrophysical parameters are taken to be the best-fit values,
log f∗,10 = −0.91, αstar = 0.28, logMturn = 8.9, and tstar =
0.55.
Fig. 5 shows running parameters constrained by using
LFs for each redshift. These panels indicate that the con-
straints shown in Fig. 3 are dominated by those from the
LFs at z ≤ 8. For example, cases with (ns, αs, βs) =
(0.97, 0.2, 0.0), and (ns, αs, βs) = (0.97, 0.0,−0.1) are
ruled out because these models enhance and reduce the
LFs overall as shown in Fig. 4. This is due to the fact
that the running parameters change the overall PPS am-
plitude around the relevant scale (1 < k < 10Mpc−1),
and hence the enhancement or the suppression of the
LFs is independent of the galaxy magnitude MUV.
B. Constraints on PPS: Parametrization II
(step function-like PPS)
Next we show our results for the case of Parametriza-
tion II. The PPS is described as a step function-like form
at k > 10Mpc−1. As in Parametrization I, we use the
LFs at all redshift and the prior on the ns to constrain
22 free parameters. The constraint on the p1 is shown in
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FIG. 5. These panels show constraints on αs and βs from the UV LFs at z = 6, 7, 8, 9, and 10 from left to right. 68 %
and 95% allowed regions are depicted as dark and light colors, respectively. These constraints are derived by performing the
MCMC analysis only at each redshift.
Fig. 6. We find that p1 is consistent with 0 with the 95%
upper limit of
log p1 < 0.10. (43)
The constraint is stronger than previous constraints on
the PPS (e.g. Fig. 6 in [5]). The UV LFs cannot place
the lower limit on p1 because Pζ(k) at large scales dom-
inates the mass variance and hence, even if small scale
amplitude gets significantly suppressed, the LFs do not
decrease even for extremely low values p1.
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FIG. 6. The posterior distribution of p1 for Parametrization
II with other parameters marginalized. This constraint is
derived using all the UV LFs.
In the same way as in Parametrization I, in order to
clarify LFs from which redshift dominate the constraints,
we show constraints on p1 and ns from the LFs at each
redshift in Fig. 7. The panels show that the constraints
are dominated by those from the UV LF at z = 9. Note
that extremely large p1 is allowed at z = 6 and z = 8 if
fstar is sufficiently small. In this case, other astrophysical
parameters take values of log f∗,10 ≈ −2.5 and αstar =
0.0. However, such models are rejected because the halo
mass function becomes too high even at z ≥ 9.
C. Constraints on PPS: Parametrization III
(binned PPS)
For the case of Parametrization III, the PPS is de-
scribed by a binned step functions-like form. The one-
dimensional posterior distributions for q1, q2, and q3,
which characterize the amplitude of each bin, are shown
in Fig. 8. For the top-hat filter, 95 % upper bounds are
obtained as
log q1 < 0.2,
log q2 < 3.2,
log q3 < 6.9. (44)
We note that our constraint on PPS at k < 100Mpc−1
is stronger than those obtained in previous work. Con-
straints on astrophysical parameters are listed in Table. II
and those on PPS parameters are given in Table III. The
full corner plot is shown in Appendix B (Fig. 21).
Examples of LFs are shown in Fig. 2, where we com-
pare the LFs with log q1,2,3 = 0, log q1,2,3 = −5 and a
model with 95 % upper limit of q1,2,3. The figure shows
that the small scale PPS controls the faint end of LFs.
Thus, future improved constraints on the faint end of LFs
have a potential to tighten constraints on PPS at small
scales.
Interestingly, the best-fit value of αstar depends on red-
shift, which hints the redshift evolution of these param-
eters. Therefore the evolution of these astrophysics pa-
rameters should be taken into account in future parame-
ter estimations including those via 21cm line. However,
the understanding the evolution of such astrophysical pa-
rameters is beyond the scope of this work.
The constraints depend on the choice of the filter. In
Fig. 8, we compare the constraints for various filters. The
result indicates that the constraints are tighter when the
smooth-k filter is assumed. This is due to the fact that
the smooth-k filter allows small scale PPS to contribute
to the mass variance as shown in Fig. 1. However, even in
the case of the top-hat filter, the constraint on the PPS at
k < 100 Mpc−1 is tighter than in previous work [5] (in our
case Pζ(10 < k < 100 Mpc−1) < O(10−8)). Note that
the top-hat filter can show artificial features in the LFs
for models with extremely large qi (i=1, 2, 3) as shown in
90.9
60
0.9
66
0.9
72
0.9
78
3
0
3
6 z=6
0.9
60
0.9
66
0.9
72
0.9
78
3
0
3
6 z=7
0.9
60
0.9
66
0.9
72
0.9
78
3
0
3
6 z=8
0.9
60
0.9
66
0.9
72
0.9
78
3
0
3
6 z=9
0.9
60
0.9
66
0.9
72
0.9
78
3
0
3
6 z=10
FIG. 7. Same as Fig. 5, but for constraints on ns and p1 for Parametrization II.
TABLE II. Summary of constraints on astrophysical parameters obtained from MCMC analysis using UV LFs from all redshifts
and the prior on the ns from Planck for Parametrization III. Here we assume the smooth-k filter.
z = 6 z = 7 z = 8 z = 9 z = 10
αstar 0.301
0.188
−0.154 0.342
0.097
−0.080 0.834
0.115
−0.167 0.788
0.149
−0.221 0.302
0.459
−0.499
log f∗,10 −1.2040.238−0.419 −1.1560.200−0.354 −1.5310.226−0.410 −1.1380.247−0.435 −2.1290.545−0.567
tstar 0.522
0.317
−0.320 0.547
0.300
−0.305 0.525
0.313
−0.319 0.512
0.321
−0.323 0.580
0.285
−0.323
logMturn 8.965
0.605
−0.642 8.673
0.521
−0.453 9.203
0.589
−0.787 9.175
0.601
−0.763 9.022
0.663
−0.680
TABLE III. Summary of constraints on PPS parameters for Parametrization III obtained from the MCMC analysis using UV
LFs from all redshifts. Here we present the results for each filter. Since the posterior distributions of qi is not Gaussian for all
i, we only show the 95% upper limit qupi . Note that we do not obtain an upper bound for q2 and q3 when top-hat and Gaussian
filters are adopted.
Smooth-k Top-hat Gaussian
log qup1 0.15 0.57 0.81
log qup2 3.18 4.42 -
log qup3 6.83 - -
[11]. In contrast, since the Gaussian filter erases the small
scale power completely, the constraint is weak. The UV
LFs cannot constrain q2 and q3, but the q1 should be less
than O(10), i.e., Pζ(10 < k < 100 Mpc−1) < O(10−8).
We again caution that the appropriate filter should ulti-
mately be chosen by comparing the mass function with
N -body simulation results with such an enhanced PPS
model.
The constrained astrophysical parameter for each filter
are consistent within 1σ error while the best fit value of
αstar and f∗,10 slightly depend also on the choice of the
filter (see Fig. 24 in Appendix B). We will discuss the
effect of the cosmological assumption on the astrophysical
parameters in later section.
D. Constraints on PPS: Parametrization IV (scale
dependent step function-like PPS)
We show the result for Parametrization IV in Fig. 9.
This parametrization describes a step function-like form
with an arbitrary transition scale. In this case, the upper
limit on the PPS can be estimated at various scales. In
Fig. 9, the corner plot of r1 and k1 shows that the larger
k1 is, the larger fluctuation is allowed. This figure also
indicates that upper limits on the PPS are placed for a
wide range of scales.
E. Constraints on PPS: Parametrization V
(power-law PPS)
In Parametrization V, only ns is allowed to vary. The
ns is severely constrained by the Planck. Thus, we can
obtain best fit astrophysical parameters without PPS un-
certainty. The constraints on the astrophysical parame-
ters are fairly consistent with the values shown in [22].
The full result is shown in Fig. 23 of Appendix B.
F. Summary of constraints on PPS
In Fig. 10, we summarize the 95% upper bounds ob-
tained in Parametrization II, III, and IV for the smooth-k
filter. For Parametrization IV, we assort MCMC samples
into several k-bins and calculate 95% upper limits from
the samples in each k-bin, which almost corresponds to
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FIG. 8. One-dimensional posterior distributions for log q1, log q2, and q3 for Parametrization III. Blue, orange, and green lines
are the result with top-hat, smooth-k, and Gaussian filters, respectively.
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FIG. 9. Constraints on r1 and k1 for Parametrization IV
from the MCMC analysis using UV LFs from all redshifts.
The smooth-k filter is adopted in this figure. 68 % and 95%
allowed regions are depicted as dark and light colors, respec-
tively.
the upper bound in Fig. 9. We find that our results for
Parametrization III and IV are reasonably well consis-
tent with each other. It is also found that the analysis
for Parametrization II severely overestimate the upper
limits on PPS at very small scales.
IV. DISCUSSIONS
A. Interpretation of the constraints from UV
Magnitude
In order to interpret the constraints, it is useful to see
which scale k is responsible for a halo with Mhalo and UV
magnitude MUV. Mhalo and k are related via Eqs. (18),
(22), and (27) for top-hat, Gaussian, and smooth-k fil-
ters, respectively. MUV is given for a fixed k from the
formulas given in Section II B. In the upper panel of
Fig. 11, we show the Mhalo-k relation, which indicates
that the smooth-k filter allows us to explore the PPS on
smaller scales than in other filters. We also show the
MUV-k relation in the bottom panel of Fig. 11 with the
best-fit astrophysical parameters for each filter derived
in Parametrization III. This panel indicates that obser-
vations of faint-end galaxies down to MUV ≈ −14 can
probe the scales of k ≈ 100Mpc−1 at z = 6. This is why
the UV LFs can constrain q1 and q2 for Parametrization
III.
Not only the mass scale but also the shape of the filter
as a function of k is crucial for understanding the con-
straints. Fig. 1 indicates that the smooth-k filter has a
strong response to small scales, and this is why the con-
straint with the smooth-k filter is tighter than in other
ones. The Gaussian filter, on the other hand, does not
pick up fluctuations on small scales. Thus, the PPS at
k > 20 Mpc−1 cannot be constrained with the Gaussian
filter.
The integral of Eq. (14) controls the contribution to the
mass function from fluctuations at small scales. Thus, a
cumulative contribution of the integral up to k mode is
useful to estimate the contribution from particular mass
scales. Fig. 12 shows the ratio of cumulative contribution
for PPS with Parametrization III against to a fiducial
model with q1 = q2 = q3 = 1. In the figure, we show the
cumulative contribution for a galaxy with MUV = −15
which corresponds to M = 109.6M. This figure shows
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FIG. 10. Upper limits on PPS for various parmetrizations for the smooth-k filter. Upper solid, dashed, and dot-dashed lines
show the 95% upper bounds for the parametrization II, III, and IV, respectively. We plot PPS with log qi=1,2,3 = 0 as fiducial.
that the smooth-k filter picks up more power from the
enhanced PPS on small scales.
For a model with q1 = 10 (q2 = 10
4), the total
contribution from the smooth-k filter in the range of
10 Mpc−1 < k < 100 Mpc−1 (100 Mpc−1 < k <
1000 Mpc−1) is 4.5 (4.0) times larger than the fiducial
model. On the other hand, in the case of the top-hat fil-
ter, the enhancement of the total contribution is smaller
than in the smooth-k filter. This is why the top-hat filter
gives weaker upper limits on qi (i=1, 2, 3) compared to
those for the smooth-kfilter.
B. Impact of stellar to halo mass ratio
We have also included the data of the stellar to halo
mass ratio (SHMR) [25] in our MCMC analysis to con-
strain the parameters. Although the SHMR relation is
constrained only at the bright end of the LFs (MUV ≈
−20), it still helps improve constraints on PPS by con-
straining the astrophysical parameters. A caveat is that
constraints on SHMR from the clustering analysis in prin-
ciple depend on PPS. However, the SHMR is mainly con-
strained from the so-called 2-halo term of the galaxy auto
correlation function at θ > 20′′, which corresponds to
k < 8 Mpc−1 at z = 6. This k range is smaller than
that of our interest, and therefore for simplicity we as-
sume that the constraints on the SHMR in [25] does not
depend on PPS and thus do not change throughout the
MCMC analysis.
To check this point explicitly, in Fig. 13 we show results
of MCMC using the UV LF at z = 6 and/or the SHMR
with the top-hat filter for PPS with p1 (Parametrization
II). In Table IV, we list constraints on the astrophysi-
cal parameters as well as on the PPS parameter. We
find that the best-fit value of αstar varies somewhat by
adding the SHMR data. In order to understand this re-
sult, we plot the SHMR and the UV LF at z = 6 using
the best-fit parameters in Fig. 14. The left panel indi-
cates that, in order to reproduce the observed SHMR,
star formation rate (SFR) in halo of Mh ≈ 1011.5M
has to be suppressed. Here, the SHMR is described as
LUV ∝ f∗,10Mαstar+1h . However, f∗,10 is required to be≈ 0.1 for reproducing the LF at MUV ≈ −17. Thus, the
slope αstar becomes flatter to maintain the UV LF and to
satisfy the constraints on the UV LF and the SHMR si-
multaneously. Since αstar becomes flatter, the lower halo
mass scales can be explored at faint-end of LFs. Thus,
the constraints on the astrophysical parameters and p1
become slightly tighter.
By adding the SHMR to the MCMC analysis, the con-
straints on αstar becomes tighter. Thus, the SHMR is
useful to remove the degeneracy between αstar and the
mass dependence of the escape fraction of ionising pho-
tons which has been found in [22].
Interestingly, the higher Mturn value is preferred to re-
duce the LFs at MUV ≈ −15 when we use the UV LF
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FIG. 11. Upper: Relation between halo mass Mhalo and
the wavenumber k for each filter at z = 6. Lower: Rela-
tion between galaxy UV magnitude MUV and k for each filter
at z = 6 assuming the best-fit astrophysical parameters for
Parametrization III.
FIG. 12. Cumulative value of Eq. (14) for enhanced PPS
models. For comparison, we plot the ratio against to p1 =
p2 = p3 = 1 model. Dashed lines show the result with the
top-hat filter, and solid lines are the result with the smooth-k
filter.
and the SHMR in the MCMC as shown in Fig. 13. This
is because the flatter αstar increases the UV LF too much
at MUV ≈ −15 since lower mass halos can be responsible
for the UV LF.
C. Effects of cosmological assumptions on
astrophysical parameters
Since we allow the form of PPS to vary especially on
small scales, constraints on astrophysical parameters may
be affected due to the degeneracy with the PPS param-
eters. Here we discuss how the astrophysical parameter
TABLE IV. Summary of parameters obtained by MCMC
using the UV LF at z = 6 and/or SHMR.
parameter LF(z = 6) + SHMR LF(z = 6)
αstar 0.069
0.099
−0.104 0.454
0.230
−0.189
log f∗,10 −1.1130.245−0.460 −1.1920.249−0.456
tstar 0.510
0.327
−0.333 0.519
0.324
−0.337
logMturn 9.554
0.306
−0.762 9.053
0.605
−0.706
ns 0.968
0.003
−0.004 0.966
0.004
−0.003
log pup1 0.71 1.54
estimation depends on the assumption on cosmology.
In Fig. 15, we show the one-dimensional posterior dis-
tributions of αstar and f∗,10 which are obtained using UV
LFs from all redshifts to compare the results for all the
parametrizations with the smooth-k filter.
For Parametrization I, αstar and f∗,10 show weak cor-
relations with αs and βs as shown in Fig. 16. Due to
the degeneracy, the constraints on the astrophysical pa-
rameters are slightly loosen compared to the result of
Parametrization V.
On the other hand, the results of the other
parametrizations of the PPS do not show any deviations
from that of Parametrization V, which has the standard
simple power-law form when we include the data from all
redshifts. However, when we perform MCMC using LFs
only at z = 7, a clear degeneracy is found between p1,
f∗,10, and αstar as shown in Fig. 17. Since large p1 in-
creases the halo mass function at small mass scales, low
fstar with positive αstar and lower f∗,10 can somewhat
compensate the enhancement due to PPS. However this
degeneracy does not affect Fig. 15 since the model with
higher p1 value is rejected by combining the UV LFs from
other redshifts.
The redshift evolution of astrophysical parameter can
also depend on the parametrization. For Parametriza-
tion II, III, and IV, the parameter evolution is same as
that for Parametrization V. While the constraints be-
come weak for Parametrization I (which is characterized
by the runnings), the trend of the redshift evolution does
not change. This can be seen in the full result of the
MCMC analysis for each Parametrization shown in Ap-
pendix B.
The best-fit values of astrophysical parameter αstar and
f∗,10 slightly depend on the choice of the filter as shown in
Fig. 24 , while the values for each filter are consistent with
each other within 1 σ error. For example, the Gaussian
filter underestimate the halo mass function compared to
other filters because the Gaussian filter erase the small
scale contribution to the mass variance. Thus, in order
to increase fstar, the best fit value of αstar becomes larger
when the Gaussian filter is adopted.
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FIG. 13. Result for the MCMC analysis for Parametrization II using only the UV LF at z = 6 (orange) and both the UV LF
and SHMR at z = 6 (green).
V. CONCLUSION
We have derived constraints on small scale primordial
power spectrum (PPS) by using high-redshift galaxy UV
luminosity functions. Since the halo mass function at low
masses has contribution from small scale PPS, we can
constrain PPS at small scales from the observed number
density of faint galaxies.
We have employed observed UV LFs at z = 6–10 from
Hubble Frontier Fields and performed the MCMC anal-
ysis to constrain model parameters. For the assumption
of astrophysics, we have followed the model used in [22].
We have considered 5 different parametrizations to model
PPS at small scales.
We have found that the running parameters αs and
βs for Parametrization I are constrained by the UV LFs
although the constraints are weaker than those obtained
by Planck.
We have also considered models with binned PPS at
k > 10 Mpc−1 (Parametrization II–IV) assuming the
independent amplitude for each bin. For Parametriza-
tion III, 95% upper limits are obtained as log q1 < 0.15
and log q2 < 3.2. These constraints translate into
Pζ(10 < k < 100 Mpc−1) < O(10−8) and Pζ(100 <
k < 1000 Mpc−1) < O(10−5). The upper limit at
10 < k < 100 Mpc−1 is tighter than previous constraints
and the upper limit at 100 < k < 1000 Mpc−1 is compa-
rable to previous bounds (e.g., [5]).
We have found that the constraints depend on the fil-
ter used to calculate the mass variance σ. Since the ap-
propriate filter for the enhanced PPS model is unknown,
we have compared results with smooth-k, top-hat, and
Gaussian filters to estimate uncertainties associated with
the filter. We have found that the constraints on the
PPS depend on the response of the filter at small scales.
For the top-hat filter, the constraints are loosen slightly
14
FIG. 14. Left: Relation between MUV and Mhalo at z = 6. The observational constraints from [25] are compared with
best-fit models from the UV LF at z = 6 only (solid) and from both UV LF and SHMR (dashed). See Tabel IV for the best-fit
parameters. Right: Comparison of the observed UV LF at z = 6 from [13] with best-fitting models also shown in the left panel.
Here we fix p1 = 1.
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FIG. 15. Comparison of one-dimensional posterior distributions of αstar (left) and f∗,10 (right) at z = 8 with different
parametrizations of PPS. We show results of the MCMC analysis using the UV LFs from all redshifts assuming the smooth-k
filter.
compared to the results with the smooth-k filter. For
the Gaussian filter, the PPS at small scales cannot con-
tribute to the mass variance, and as a result PPS at
k > 100 Mpc−1 cannot be constrained. Even for the
Gaussian filter, however, q1 is constrained to q1 < 10
1.2.
We have also used the observed stellar to halo mass
ratio (SHMR) in our MCMC analysis. The constraints
from SHMR help tighten constraints on the astrophysical
parameters, which lead to improved constraints on the
PPS parameters in some cases.
We have also investigated the effects of cosmological
assumption on the astrophysical parameters estimation
from the UV LFs and found that αstar and f∗,10 can de-
generate with the PPS parameters, which indicates that
the assumption on cosmology affects the study of astro-
physics and vice versa.
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FIG. 16. Corner plot for Parametrization I. We show con-
straintns on the running parameters and astrophysical param-
eters αstar and f∗,10) at z = 8.
2.5
2.0
1.5
1.0
*,
0.2 0.4 0.6 0.8
4.5
3.0
1.5
0.0
2.5 2.0 1.5 1.0
*,
4.5 3.0 1.5 0.0
z=7
FIG. 17. Corner plot obtained by the MCMC analysis using
UV LF at z = 7 for Parametrization II.
Our study shows that astrophysical data such as UV
LFs can be a useful probe of cosmology. On the other
hand, when one investigates astrophysical aspects, it
would also be necessary to take account of the uncer-
tainty of the assumption on cosmological models. Al-
though it looks a bit cumbersome to consider both as-
trophysical and cosmological aspects, it could also lead
to interesting avenue of research ahead of future obser-
vations such as James Webb Space Telescope.
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Appendix A: Mass Variance
Since the amplitude of PPS is fixed and the ns and
qi (i=1, 2, 3) are parameters used in MCMC, the value
of σ8 might break its constraints. To ensure that our
model predicts σ8 that is consistent with other results,
we convert the MCMC samples to σ8 as shown in Fig. 18.
Our result is consistent with e.g., 0.8102 ± 0.0060 in [1]
well within 1σ error.
Appendix B: Full Results
We show the full results of the MCMC analysis using
all UV LFs and ns prior. Fig. 19, 20, 21, 22, and 23
represent the results of Parametrization I, II, III, IV, and
V, respectively. Fig. 24 is the result for Parametrization
III but comparing the results with different filters.
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Sec. III D.
2.5
2.0
1.5
1.0*,
0.2
0.4
0.6
0.8
8.4
8.8
9.2
9.6
0.3 0.0 0.3 0.6 0.9
0.9
600
.96
60.
97
20.
97
8
2.5 2.0 1.5 1.0
*,
0.2 0.4 0.6 0.8 8.4 8.8 9.2 9.6
0.9
60
0.9
66
0.9
72
0.9
78
z=6
z=7
z=8
z=9
z=10
FIG. 23. Same as Fig. 19, but for Parametrization V. This result is discussed in Sec. III E.
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for reference. This result is discussed in Sec. III C.
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